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Abstract 

We analyze the conceptual role of background independence in the application 
of the effective average action to quantum gravity. Insisting on a background inde- 
pendent renormalization group (RG) flow the coarse graining operation must be 
defined in terms of an unspecified variable metric since no rigid metric of a fixed 
background spacetime is available. This leads to an extra field dependence in the 
functional RG equation and a significantly different RG flow in comparison to the 
standard flow equation with a rigid metric in the mode cutoff. The background 
independent RG flow can possess a non-Gaussian fixed point, for instance, even 
though the corresponding standard one does not. We demonstrate the importance 
of this universal, essentially kinematical effect by computing the RG flow of Quan- 
tum Einstein Gravity in the "conformally reduced" Einstein-Hilbert approximation 
which discards all degrees of freedom contained in the metric except the confor- 
mal one. Without the extra field dependence the resulting RG flow is that of a 
simple (^^-theory. Including it one obtains a flow with exactly the same qualitative 
properties as in the full Einstein-Hilbert truncation. In particular it possesses the 
non-Gaussian fixed point which is necessary for asymptotic safety. 



1 Introduction 



Finding a logically consistent and predictive quantum theory of gravity continues 
to be one of the most challenging open problems in theoretical physics. Even though 
the recent years have seen considerable progress in loop quantum gravity, string theory, 
and asymptotic safety, to mention just three approaches [1], it seems that certain essential 
ingredients of a satisfactory microscopic theory are still missing or only poorly understood. 
In any of these approaches one typically encounters problems which are conceptually very 
difficult and deep, and at the same time highly complex from the calculational point of 
view. On the conceptual side, the most severe problem is perhaps the issue of background 
independence [2-4]. Already classically General Relativity is distinguished from all other 
physical theories in that it does not only tell us how physical processes take place in a 
given spacetime but also describes the dynamics of spacetime itself. Many problems one 
encounters when searching for a quantum theory of gravity can be traced back to this 
crucial property of General Relativity, namely that it dynamically generates the "arena" 
in which all physics is going to take place. In particular, the mediator of the gravitational 
interaction, the metric or closely related fields, defines the proper length or mass scale of 
all dimensionful physical quantities. 

In the following we investigate a particular aspect of background (in) dependence 
which is particularly important in the context of asymptotic safety [5], [6] - [25]. In 
this approach gravity is described by a quantum field theory of the metric tensor which 
is renormalized nonperturbatively at a non-Gaussian renormalization group (RG) fixed 
point. In order to implement this idea one has to pick a concrete RG framework. In 
principle many choices are possible here; they differ by the generating functionals they 
employ, in the way field configurations get "integrated out" along the RG flow, and, 
related to that, the interpretation of the corresponding RG scale, henceforth denoted k. 
In theories on flat spacetime there exist implementations of the Wilsonian RG, the effective 
average action [26-29] for instance, which have the special property that the mass scale k 
has a "quasi-physical" meaning in the following sense: The basic functional RG equation 
(FRGE) describes the /c-dependence of a family of effective actions {r^, < A; < oo} 
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each of which defines an effective field theory vahd near the scale k. This is to mean that 
in a single-scale problem involving typical momenta p the optimal effective field theory 
descriptioiu is provided by with k = p. 

Going over to quantum gravity it is not clear a priori how one could introduce an RG 
scale with a comparable physical meaning. The problem is that if k is to have the status 
of a physical momentum it must be a proper rather than merely a coordinate momentum. 
However, proper momenta, distances, or other dimensionful quantities require a metric 
for their definition, and if the metric is dynamical it is not clear with respect to which 
metric k should be "proper" . Proceeding naively, the average action of gravity would be 
a functional rfe[(7^i,] which, besides k, depends on a single argument (7^,^. More precisely, 
rfc[ ■ ], for every fixed value of k, is a map from the space of metrics into the reals. This 
implies that from the point of view of rfc[ ■ ] with k fixed all metrics have an equal status 
so that k cannot be "proper" with respect to any particular one of them. This is a direct 
consequence of background independence. It entails that the naive implementation of 
the average action idea, leading to a family of functionals {T^} which depend only on 
one metric argument, cannot be labeled by an RG scale with the above "quasi-physical" 
interpretation. 

The situation can also be described as follows. In standard quantum field theory on 
fiat space the RG fiow is a universal object in the sense that it does not depend on any spe- 
cific field configuration. From the perspective of the running coupling constants {gn{k)} 
the functional Ffc has the character of a generating function. In a theory with field(s) 
and basis functionals (monomials) {P„[0]} one usually expands Ffc[0] = J2n9ni^) ^A'P]- 
By definition, gn{k) is the component of F^ in the direction of the "basis vector" P„. The 
role of is merely that of a dummy parameter which is needed to distinguish the basis 
vectors. It is obvious, therefore, that the RG trajectories k \—>- {gn{k)} bear no relation- 
ship to any specific field configuration (p. If we use the same formalism for the metric in 
quantum gravity then k cannot be a "proper" momentum therefore. 



^Here the notion of an effective field theory is to be understood in the sense that a tree level evaluation 
of Ffe is sufficient for taking the quantum effects which are dominant near k into account (provided the 
fluctuations are small enough). 
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The actual effective average action for gravity constructed in [6] achieves the desired 
"quasi-physical" status of k by using the background technique. The idea is to fix an 
arbitrary background metric g^^, quantize the (not necessarily small) metric fiuctuations 
h^i, nonperturbatively in this background, and finally adjust g^^, in such a way that 
the expectation value of the fluctuation vanishes: h^^ = (h^iu) = 0. In this way the 
background gets flxed dynamically. The advantage of this procedure is that the actual 
quantization can take advantage of many nonperturbativc tools developed for field theories 
on non-dynamical backgrounds, whereas at the same time it is background independent 
in the sense that no special g^^, plays any distinguished role. During the quantization of 
the /i^,/-field the background metric is kept fixed but is never specified explicitly. 

In this construction the RG scale k is "proper" with respect to the background 
metric. Technically one organizes the path integral over h^i, according to eigenmodes of 
the covariant Laplacian D'^{'g^^) built from 'g^^ and cuts off the integration at the infrared 
(IR) scale k^. This is done by adding a mode suppression term AkS to the bare action. 
Hence k is a ^^^-proper momentum related to the scale set by the "last mode integrated 
out" and can be given an approximate physical meaning therefore. (See [22, 23] for a 
detailed discussion of this point.) This property of the gravitational average action is the 
central prerequisite for the effective field theory interpretation and for the possibility of 
performing "RG improvements" on the basis of [30-40] . 

The price one has to pay for this advantage is that the average action is now a func- 
tional of two metrics: ^k[gfiu,'g^u] = ^k[h^u','gfiu]- Here g^^^, = + /i^^^ is the expectation 
value of the microscopic metric. Only after having solved for the (now more compli- 
cated) RG ffow of Tklgnuj'gfj.i/] can impose hf^^ = and define the reduced functional 
^kidnu] = ^k[9ixu, gfiv] which generates the same on-shell matrix elements as the original 
one [41]. 

It should be stressed that the average action rk[- , • ] and its RG ffow are background 
independent objects, in the sense of the word as it is used in loop quantum gravity [2-4], 
for instance. Both metrics, g^i, and g^^, are just freely variable arguments and no metric 
plays any distinguished role. Furthermore, the mode cutoff is defined in terms of D'^{'g^^) 
which involves the variable metric ^ and not any rigid one. This is in sharp contrast to 
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matter field theories on a non-dynamical spacetime with a metric g"^'^^^. There /^kS is 
constructed from -0^(5'°°°"'^^'^) which does indeed single out a specific metric. The resulting 
fiow is not background independent in the above sense. 

Besides fixing the physical scale of fc, the use of the background field technique has 
a second, conceptually completely independent advantage: If one employs a gauge fixing 
term which is invariant under the background gauge transformations the resulting average 
action is a diffeomorphism invariant functional of its arguments. 

In the construction of the gravitational average action in [6] these two issues are 
intertwined and because of the complexity of realistic RG fiows it is not easy to see how 
precisely the ^^^-dependence of the IR cutoff Afe5'[/i^,^; ^^j,] infiuences the fiow. One of the 
purposes of the present paper is to study this infiuence in a setting as "clean" as possible, 
namely in an approximation to the full gravitational RG fiow where gauge issues play no 
role and the impact of this ^-dependence of the cutoff can be studied in isolation. The 
implications of the ^-dependence are at the very heart of quantum gravity. It arises only 
because the metric has the crucial property, not shared by any other field, of defining the 
proper size of all dimensionful quantities, including that of k. 

Within a different theory of gravity, and in a different formal setting, Floreanini and 
Percacci [42] have made similar observations. They studied a perturbatively renormaliz- 
able gauge theory of vielbein and spin connection fields. While asymptotic safety is not an 
issue there, they demonstrated that the quantization of the model results in a "bimetric 
theory" , and depending on which metric is used in the ultraviolet (UV) regulator different 
effective potentials are obtained for the conformal factor. 

The system we are going to study in the following obtains by approximating the 
gravitational RG flow in two ways: First, we restrict the theory space to that of the fami- 
liar Einstein-Hilbert truncation whose RG flow is known in full generality [6,9]. Second, 
we quantize only the conformal factor of the metric but not the other degrees of freedom 
it carries. This "conformally reduced Einstein-Hilbert" (or "CREH" ) truncation leads to 
a modifled RG flow on the same theory space as the full Einstein-Hilbert truncation, and 
it will be very instructive to compare the two. 

All metrics appearing in the CREH framework, the integration variable in the path 
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integral, ^^v, as well as g^j^ and Qfj^i,-, are of the type "conformal factor times 'g^J''' where 
g^i, is a reference metric which is never changed; for example, g^^ — 5^,^. In this way, 
T/ii^' ^tiv-i 9iiv g6t represented by a single "scalar" function, their respective conformal 
factor. The background metric, for instance, is written as Ij^^, = (f)^{x) g^y. If one inserts 
the metric (jy^^^p into the Einstcin-Hilbert action one obtains a ^''-typc action for the 
field 0, with a 0*^-coupling proportional to the cosmological constant. Wc shall analyze 
this scalar-looking theory by means of an effective average action. Wc use a background 
approach which is analogous to the one used in the full gravitational FRGE. In particular 
the conformal factor of sets the physical scale oi k. So, conceptually, this simplified 
setting is exactly the same as in the full gravitational flow equation, the only difference is 
that we allow only the quantum fluctuations of the conformal factor to contribute to the 
RG running of the couplings, i. e. the Newton and the cosmological constant, respectively. 

The standard quantization of 0'^-theory by means of an FRGE for the average action 
is fairly well understood [28]. It amounts to using a ^^^-independent cutoff. Here A^S* is 
built from g^^, which is usually taken to be the metric of flat Euclidean space. It is this 
metric which deflnes the meaning of k. This scheme is the natural one when is a 
conventional scalar matter held. By now a lot is known about the resulting RG flow [28]. 
In particular, above all mass thresholds one recovers the ln(A;)-running of the 0^-coupling 
which is familiar from perturbation theory. 

If (f) is the conformal factor of the metric the situation is different. Now it is natural 
to define A^S* and hence k in terms of the adjustable background metric 'g^^, = (j)'^{x)^^y\ 
its conformal factor is determined dynamically by the condition that the fiuctuations 
about have vanishing expectation value. We shall see that the resulting RG fiow is 
quite different from the standard scalar one. Typically one finds that the RG running 
is much faster in the gravitational case. For instance, there is a regime where the slow 
ln(A;)-running of the standard scalar is replaced by a much stronger /c^-running of the 0^- 
coupling. In this regime the 0^-coupling is proportional to the cosmological constant, Aj.. 
Hence, in this particular regime, oc fc^. This quartic cutoff dependence is something 
very well known, of course. It is precisely what one finds by summing zero-point energies, 
or rediscovers as quartic divergences in ordinary Feynman diagram calculations. Moreover 



5 



it agrees with the result from the full Einstein-Hilbert truncation. 

To summarize this important point: The (expected) behavior oc A;^ obtains only 
if we appreciate the very special role of gravity, namely that it determines all proper scales, 
including that of k. We find A^. oc only if we define the cutoff with = (j)'^[x)g^y, 
while we obtain the much weaker /c-dependence A^ oc ln(/c) if we treat (j) as an ordinary 
scalar. 

Earlier on Polyakov [43] and Jackiw ct al. [44] have pointed out that in the CREH 
approximation the gravitational action is of the 0^-type and argued on the basis of stan- 
dard scalar field theory that the cosmological constant should have a logarithmic scale 
dependence therefore. The results of the present paper indicate that if one wants to attach 
a physical meaning to k by measuring it in units of itself the running of A^ is much 
faster in fact. 

Perhaps the most unexpected and striking feature of the CREH flow is that it admits 
a non- Gaussian RG fixed point (NGFP) with exactly the same qualitative properties as 
the one in the full Einstein-Hilbert truncation. The comparatively simple dynamics of a 
0^-theory is enough to achieve asymptotic safety provided one takes into account that the 
field itself defines the proper coarse graining scale. 

At the NGFP the cosmological constant is positive and this translates to a negative 
0^-coupling. Long ago Symanzik [45,46] showed that the scalar 0^-theory with a negative 
coupling constant is asymptotically free; its coupling strength vanishes logarithmically at 
high momenta. Using the cutoff appropriate for the gravitational field the asymptotically 
free RG flow becomes an asymptotically safe one, a NGFP develops. 

The investigations using the gravitational average action which have been performed 
during the past few years [6-19] indicate that full Quantum Einstein Gravity (QEG) is 
indeed likely to possess a NGFP which makes the theory asymptotically safe. Increasingly 
complicated truncations of theory space were analyzed whereby all modes of the metric 
were retained. The results of the present paper indicate that the NGFP that was found 
in these analyses is perhaps easier to understand than it was thought up to now. It seems 
that, to some extent, it owes its existence to an essentially "kinematical" phenomenon 
which is related to the requirement of "background independence" and the fact that 
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the dynamical field itself, the metric, determines the proper value of the coarse graining 
scale. The complicated selfinteractions of the helicity-2 modes, on the other hand, can 
be omitted without destroying the NGFP. While also characteristic of gravity, they seem 
not to be essential for asymptotic safety. 

In this paper we shall see that all qualitative features of the RG flows derived from 
the CREH- and the full Einstein-Hilbert truncation, respectively, are almost identical. 
This gives rise to the hope that also in more general truncations the conformal factor plays 
a representative role so that, with some care, we might be able to learn something about 
the full gravitational dynamics from the conformal reduction. Technically the "scalar" 
theory is comparatively simple so that we should be able to perform computations in 
regions of theory space which are unaccessible otherwise. We start this program in the 
companion paper [47] where we analyze the local potential approximation (LPA) for 0; it 
involves a running potential Uk{4>) with an arbitrary field dependence. 

The remaining sections of this paper are organized as follows. As a preparation we 
discuss in Section [2] the conformally reduced Einstein-Hilbert action. Then, in Section 
[31 we derive an exact flow equation for conformally reduced gravity. In Section H] we 
specialize it for the CREH truncation and explain in particular the conceptual differences 
of the theory presented here and standard scalar matter field theories. In Section [5] we 
analyze the RG equations obtained from the CREH truncation and show that they predict 
a NGFP. The conclusions are contained in Section [61 



2 The Conformally Reduced Einstein-Hilbert Action 



Henceforth we shall assume that the argument g^^i, is a conformal factor times a fixed, 
non-dynamical reference metric We would like to parameterize this conformal factor 
in terms of a "scalar" function (j){x) in such a way that the kinetic term for (p becomes stan- 
dard, oc ((9^0)^. This is indeed possible for any dimensionality. Introducing (p according 



In d spacetime dimensions, the Euclidean Einstein-Hilbert action reads 




(2.1) 
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to [44], 



(2.2) 



with the exponent 

.(d) . ^ (2.3) 

standard formulas for Weyl rescahngs yield the following result for Ser evaluated on 
metrics of the form (12.21) : 

^EHM = - g^^|^^^ y"d'^x (ir^9^09,0+ie(^)^02-e(rf)A0'''/('^-')). (2.4) 
Here R is the curvature scalar of the reference metric ^^u, and 

In 4 dimensions we have u = 1 and ^ = 1/6 so that the choice 

9fMU = 0^ dtMu (2.6) 

converts the Einstein-Hilbert action to a kind of "0'^-theory" : 

'5eh[0] = -^ Jd'x (^lg^''d,<pd,<j> + j-^R<P'-lA<P'y (2.7) 

We shall refer to the action (12. 4p and its special case (12. 7p as the conformally reduced 
Einstein-Hilbert or "CREH" action. 

Several comments are in order here. 

(a) Up to now ^^^^ is an arbitrary metric, defined on the same smooth manifold as Qf^u- 
Later on we shall fix the topology of this manifold to be that of fiat space R*^ or of the 
sphere S'^. 

(b) For d > 2, the case we shall always assume in the following, the kinetic term in ^ehM 
of eq. (12. 4p is always negative definite due to the "wrong sign" of its prefactor. As a 
result, the action is unbounded below: for a 0(x) which varies sufficiently rapidly SehM 
can become arbitrarily negative. This is the notorious conformal factor instability. 



8 



(c) To make the analogy with a scalar action perfect one could remove the prefactor 
l/{87T^{d)G) in eq. fl2.4p by a rescaling of 0. (But not the minus sign!) We shall not 
perform this rescaling here because later on Newton's constant will depend on the RG 
scale k, and /c-dependent field rescalings are not allowed in the FRGE formalism we shall 
use. 

(d) The potential terms in ^ehM are a mass-type term proportional to the scalar cur- 
vature of 'g^u and an interaction term oc The selfinteraction of the 0-field is 
entirely due to the cosmological constant; it vanishes for A = 0. The exponent 2d/{d — 2) 
equals 4 in c? = 4, is smaller than 4 in higher dimensions (approaching 2 for d — > oo) and 
larger than 4 in lower dimensions (diverging to +oo for d\2). 

Leaving aside issues related to the functional measure, quantizing gravity in the 
CREH approximation based upon the bare action 5'eh[0] is similar to quantizing a scalar 
theory with an action of the general type 



where c is a positive constant. For the sake of the argument let us assume that ^^i, = 
is the flat metric on R^. Then Seh of (12.71) is indeed of the form (12.81) with the potential 
U{(j)) = |A0^ and c = 3/(4'7rG') > 0. Let us assume that the cosmological constant is 
positive, the case which will be relevant later on. For A > the potential term in the 
action (12. 8p is positive definite, while the kinetic piece is negative definite. We would like 
to explore the quantum theory based upon the functional integral 



where 5* is the Wick rotated version of S*, with (90)^ = t]^" d^^cf) dvcj)- One would expect 
that in this theory the wrong sign of the kinetic term drives the condensation of spatially 
inhomogeneous (x-dependent) modes, i. e. the formation of a "kinetic condensate" similar 
to the one discussed in [48]. The amplitude of the inhomogeneous modes cannot grow 
unboundedly since this would cost potential energy. 

Next let us look at the closely related theory with the "inverted" action S'inv[0] = 




(2.8) 




(2.9) 
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S[(f)]. Thus 



(2.10) 



with the negative potential 



V{<t^) 



u{(i)) < 0. 



(2.11) 



In puUing out a global minus sign from S the instability inherent in the theory has been 
shifted from the kinetic to the potential term. According to 5'inv, the kinetic energy 
assumes its minimum for homogeneous configurations (f) = const, but the inverted poten- 
tial V{(j)) = — |A0'^ becomes arbitrarily negative for large 0. 

Even though S and 5'inv appear to be plagued by instabilities of a very different 
nature, they nevertheless describe the same physics (up to a time reflection). The path 
integrals involving S and 5'inv are related by a simple complex conjugation: 



We shall refer to the formulation in terms of S and 5'inv as the original picture and the 
inverted picture, respectively. 

So we see that for pure gravity in the CREH approximation the "wrong" sign of the 
kinetic term can be traded for an upside down potential. The FRGE formalism we are 
going to develop will effectively correspond to the inverted picture. As we shall see it is 
indeed the A > case that will be relevant to asymptotic safety. Hence the conformal 
factor dynamics is described by an action with positive kinetic but negative potential 
term. 

Interestingly enough, this kind of 0^-theory with a negative coupling constant was 
discussed by Symanzik [45] long ago. He showed that the coupling strength vanishes at 
short distances, thus providing the flrst example of an asymptotically free quantum fleld 
theory [46]. 




(2.12) 
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3 Effective Average Action for the Conformal Factor 



3.1 The Background Field Method 

We emphasized already repeatedly that the most important difference between the 
conformal factor and an ordinary scalar is that determines the magnitude of all physical 
scales; in particular it determines the proper scale that is to be ascribed to a given 
numerical value of the IR cutoff k appearing in the FRGE context. For this reason the 
quantization of by means of an FRGE differs from the standard one. In fact, even 
though gauge issues do not play any role here, the background field method has to be 
employed. This approach will allow us to give a meaning to statements like "F^ describes 
the dynamics of fields averaged over spacetime volumes of extension ~ k^^" in presence 
of a quantized metric where a priori it is unclear in which metric the extension of those 
spacetime volumes is measured. 

Before we can set up the RG formalism we must explain the background-reformulation 
of the path integral underlying the quantum field theory of the conformal factor. We start 
from a formal path integral^ 

Jvx e-^M (3.1) 

where S is an arbitrary bare action (perhaps related, but not necessarily identical to ^eh) 
and x{^) denotes the microscopic ("quantum") conformal factor field. (The notation (f){x) 
will be reserved for its expectation value.) We think of (13. ip as descending from a path 
integral over quantum metrics 7^jy(a;), 

yp7^, e-^^-^^^^\ (3.2) 

by a restriction to metrics of the form 

Ifiu = X^'' 9,iu- (3.3) 

^Since this is customary in the hterature we shaU use an Euchdean notation in the general discussions. 
At the formal level it its trivial to obtain the corresponding Lorentzian formulas by replacing — S* iS, 
etc.; for the time being the positivity properties of S play no role. 
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The integrals (13. ip and (13.21) refer to a spacetime manifold of a given topology and 'g^i, is a 
reference metric consistent with this topology. The action S[x] depends parametrically on 
^fj^i, but we shall not indicate this dependence notationally. The non-dynamical, classical 
metric ^^^^ is considered fixed once and for all; it has no analog in the full theory and is 
not to be confused with the background metric and the corresponding conformal factor 
which we introduce next. 

We decompose the variable of integration, x, as the sum of a classical, fixed back- 
ground field xb and a fluctuation /: 

X{x) =Xb{x) + fix). (3.4) 

Even though we frequently use the term "fluctuation", f{x) is not assumed small, and 
no expansion in powers of f{x) is performed here. We assume that the measure Vx is 
translational invariant so that (13. ip can be replaced by / Vf exp(— ^[xb + /])• Actually 
it is sufficient to assume that the original Vx equals a translational invariant measure up 
to a Jacobian since we may include the logarithm of this Jacobian in S. 

At this point it is natural to introduce a background-type generating functional by 
coupling an external source J{x) to the fluctuation only: 



exp{W[.J;xB]) = jvf exp (^-S[xB + f] + jd^x ^ 



J(x)/(x) . (3.5) 



Repeated differentiation of W with respect to the source yields the connected n-point 
functions of / in presence of J . In particular the normalized expectation value of the 
fluctuation is 

7(x)^(/(x))^ /^'T/tf^ - ^'-'^ 

The fleld thus obtained is functionally dependent on both J and xb, i- e. / = f[J; Xb]- We 
assume that this relationship can be solved for the source, J = J[/;Xb], and introduce 
the Legendre transform of W: 



r[ /; xb] = d'x^ J[ f; xb] (x) f{x)-W [J[ f; xb]; Xb] • (3.7) 
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This definition implies the effective field equation 

ffii^ = J{x). (3.8) 
5 fix) ^ ' ^ ' 

More generally, repeated differentiation of F with respect to f{x) yields the IPl n-point 
correlators of / in presence of J. The source can be "switched off" by equating / after 
the differentiations to the function /o[XB](a;) = f [J = 0;xb\{x)- Note that /g has no 
reason to vanish in general, and that the resulting n-point functions still depend on xb- 
The expectation value of the complete conformal factor reads 

= ((XB + /)>=XB + 7, (3.9) 

and sometimes it will be convenient to regard F a functional of and xb rather than / 
and Xb: 

F[0,XB] = r[7=0-XB;xB]. (3.10) 

For the restriction of this function to equal arguments (p = Xb which amounts to a 
vanishing fluctuation expectation value we write 

F [0] = F[0, 0] = F[7 = 0; XB = 0]. (3.11) 

It is instructive to compare the above generating functionals in the background 
approach with those in the standard ("st"), i.e. non-background formalism. There one 
would define VFst[J] by 

exp{W4J]) = jvx exp {-S[x] + jd'^x Vf J{x) x{x)^ (3.12) 

and the standard effective action Fst[0] would obtain as the Legendre transform of Wstf-^]- 
Exploiting the translational invariance of T>x it is easy to see that the two sets of func- 
tionals are related in a rather trivial way: 

W[J;xb]^WM - jd^x ^ J{x)xb{x) (3.13) 

r[7;xB] = r,t[xB +7] ^ r[0,XB] = (3-i4) 

r[0]=F,t[0]. (3.15) 
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The key property of the background formahsm is that the standard n-point functions 

b(t)[xi) ■ ■ -dcpixn) 

can alternatively be computed by differentiating the functional r[/ = 0; xb] = T [xb] 
with respect to the background xb- 



5"r[/ = 0; xb] 



5(p{xi) ■ ■ ■ 5(p{x. 

Xb=0 



^"^■'1*1 (3.17) 



In the case at hand the equality of (13.161) and fl3.17p is trivial since r[/ = 0; xb] and 
TstfXB] are exactly equal here. 

The situation is less trivial when one applies this formalism to gauge theories, em- 
ploying a gauge fixing term invariant under background gauge transformations. Then the 
analogs of the n-point functions fl3.16p and (13.171) are not exactly equal, but they are equal 
"on-shell". As a result, both sets of correlators give rise to the same set of physical S- 
matrix elements [41]. The important conclusion is that even then the functional F which 
obtains by requiring that the fluctuation has no expectation value ( / = 0) and depends 
only on one field (xb = 0) contains all of the physical, gauge-invariant information. 

Before continuing let us summarize the status of the various metrics, all conformal 
to one another, that enter the construction. First, there is the reference fnetvic (j^y^ a 
classical field which is fixed once and for all and never gets varied. Second, there is the 
quantum metric, the integration variable 

Itiv = X^^dt^u = (xb + ff'' g^lu■ (3.18) 

In the canonical approach this metric corresponds to an operator. Third, there is the 
background metric defined by 

9^,u = Xb 9t^u- (3.19) 

It is a classical field again which is considered variable, however. In particular it can be 
adjusted to achieve / = if this is desired. Fourth, there is the expectation value of the 
quantum metric 

g^u = M = {{XB + ff'')9^u. (3.20) 
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And finally, fifth, there is the metric with the conformal factor (f). As = Xb+/ = Xb+(/), 
it reads 

g,u = 'P'" g,u = (xB + if))'" g,u. (3.21) 

In general g^i, and g^i, are not exactly equal. However, they are approximately equal if 
the quantum fiuctuations of / are small. In d = 4 where = 1, for instance, we have 

(3.22) 

9i^u = V + [2Xb (/) + iff] di^u- 
Hence the difference g^i, — g^,^ — [{P) — (/)^] 'guv is proportional to the variance of / 
so that g^v and g^y are not very different if the fluctuations of / are "small" . However, 

in order to make this statement precise one first would have to give a meaning to the 
expectation value of the operator product p with both operators at the same point, 
something we shall not attempt here. Notice also that g^^ reduces to g^^^ if / = while 

g^v does not: g^.^ = V + (/^) 9n.u- 

The metrics g^v and ^^^^ are analogous to the fields with the same names in the con- 
struction of the exact gravitational average action [6] . Certain differences arise, however, 
since there a linear background-quantum split is performed at the level of the full metric, 
while in the present approach the split is linear at the level of the conformal factor. In 
ref. [6] where the integral over all metrics 7^j, is dealt with, one decomposes 7^1, = 'g^j^^ + h^i, 
and then integrates over the fluctuation h^i,. As a result, g^u = {■j^u) = Ij^v + {hfj.v) is 
linear in the expectation value of the fluctiiation so that there is no difference between 
g^j^i, and g^i,. In the present setting, on the other hand, the metric ^^i, is parameterized by 
the fluctuation in a nonlinear way: 7^,^ = {Xb-\- fY^g^v This nonlinearity is the price we 
have to pay if we want the CREH action to look hke that of a standard scalar 0^-theory. 
In the present paper we are mostly interested in understanding the differences between 
the dynamics of the conformal factor and that of a standard scalar, and we are therefore 
going to accept this nonlinearity. As a consequence, the calculations within the "CREH 
truncation" we are going to perform later on are not simply a subset of the calculations 
in the full Einstein-Hilbert truncation which includes the transverse etc. modes of the 
metric in addition to the conformal factor. 
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3.2 The Average Action of the Conformal Factor 

From the technical point of view, the main problem consists in (approximately) 
computing the path integral (13.51) . Next we shall set up an RG formalism which translates 
this problem into the equivalent problem of solving a certain functional RG equation 
subject to a boundary condition involving S. Using a variant of the effective average 
action for scalars [25, 26] we modify (13. 5p by introducing a mode-cutoff term into the 
path integral defining W: 

exp{Wk[J; Xb]) 

= Jvf exp (^-S[XB + /] - AkS[f; xb] + Jd'x ^/f J{x) f{x) 

The action AfcS'[/; xb] is to be constructed in such a way that the factor exp(— A^S) 
suppresses the long- wavelength modes of f{x) with momenta p ^ k while it does not 
affect the short-wavelength modes with p ^ k. In order to arrive at an FRGE of the 
familiar second-order type we take AkS to be quadratic in /: 

AkS[f;xB] = l Jd'^x ^/f fix)nk[xB]f{x). (3.24) 

Here TZk is a pseudodifferential operator which may depend on the background field. 
Allowing for this Xe-dependence is crucial in order to implement "background indepen- 
dence" [2-4] and to give a "proper" meaning to the coarse graining scale in a theory 
with a dynamical metric. 

In flat space the parameter k, by elementary Fourier theory, has the interpretation of 
the inverse length scale over which the microscopic fields are averaged or "coarse grained" . 
If we want to have a similar interpretation in quantum gravity we must decide with respect 
to which metric this length scale is measured. In the background field approach, there 
is a canonical candidate for a metric measuring the coarse graining scale, namely the 
background metric g^,^ = x^g^v In fact, as we discussed in the Introduction, the RG 
flow becomes "background independent" (in the sense of [2-4]) if A^S* is constructed 
from 'g^^, or xb here, rather than from a rigid metric. The key property of 7?.fc[xB] is 
to distinguish "long- wavelength" and "short-wavelength" modes of f{x) whereby the 
"length" is defined in terms of ^ , i. e. the background conformal factor xb- 
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The advantage of using the background field method is that at an intermediate 
stage it decouples the field integrated over, the fiuctuation /, from the field that fixes the 
physical value of k, namely xb- At the very end, after the quantization has been performed 
and the RG trajectories are known, we may set / = without loosing information. Then 
the scale dependent version of the single-argument functional defined above, Tk[4> = 
Xb], depends only on one conformal factor, corresponding to "the" metric g^j^i^, and its 
parameter k is a momentum measured, indirectly, with respect to this metric. 

A cutoff operator TZk with the desired properties can be constructed along the fol- 
lowing lines. We think of the functional integral fl3.23p over / as being organized according 
to eigenfunctions of the Laplace-Beltrami operator constructed from 

n = g-^'^d^^^'^^^''d,. (3.25) 

Expanding / in terms of (— □ )-eigenfunctions, the task of IZk is to suppress those with 
eigenvalues smaller than k'^ by giving them a "mass" of the order /e, while those with larger 
eigenvalues must remain "massless" [25,26]. In the simplest case when the /-modes have 
a kinetic operator proportional to □ itself the rule is that the correct TZk when added to 
r^^^ leads to the replacement 

(_n)^(_n) + A;2i?(o)(^). (3.26) 

Here R^^\z) is an arbitrary "shape function" interpolating between i?'^°^(0) = 1 and 
R^'^\oo) = 0, with a transition region centered around z = 1. These conditions guarantee 
that the effective inverse propagator of the long- and short-wavelength modes is — □ + fc^ 
and — □, respectively, and that the long/short-transition is at the — D-eigenvalue k"^, as 
it should be. 

The coarse graining scale £ = i{k) corresponding to the cutoff value k is found 
by investigating the properties of the — D-eigenfunction with eigenvalue fc^, the so-called 
"cutoff mode" [22,23]: one determines its typical scale of variation with respect to x (a 
period, say) and converts this coordinate length to a physical, i. e. proper length using 
The result, i{k), is an approximate measure for the extension of the spacetime volumes 
up to which the dynamics has been "coarse grained" . If g is close to a flat metric, i{k) 
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equals approximately n/k. (See [22,23] for a detailed discussion.) It is in this sense that 
the background metric 'g^y, or rather its conformal factor xb, determines the physical 
(proper) scale of k. 

Defining the scale as a cutoff in the spectrum of the covariant Laplacian built from 
"g^^, is in accord with the construction of the exact gravitational average action in [6]; there, 
too, it is the background metric which sets the scale of k. 

While this choice appears very natural, and in fact is the only meaningful one in 
the gravitational context, every standard quantization and RG scheme which treats 
as an ordinary scalar, at least implicitly, uses a differently defined cutoff, namely one 
based upon □. Here □ denotes the Laplace-Beltrami operator pertaining to the reference 
metric, □ = ^^^^"^ d^'g^^'^^^^ d^, and 7^^ is designed to implement the replacement 

(_n)_^(_n) + Pi?(o)(_a). (3.27) 

In this case the proper scale of k is determined by the metric ^^i, which, however, at no 
stage of the construction acquires any physical meaning. As we emphasized, Tj^y is never 
varied. It "knows" nothing about the true ("on-shell") metric of spacetime, namely the 
particular background metric which adjusts itself dynamically upon setting (/) = 0. The 
scheme fl3.27p is the correct choice if one considers x ^ standard scalar field on a non- 
dynamical spacetime with metric on flat space {^^i, = 5^^), for instance. The average 
action formalism based upon (13.271) reproduces all the familiar results of perturbation 
theory, the ln(/c)-running of the quartic coupling in 0^-theory, for instance. 

Since g^u is a rigid metric, the flow resulting from the substitution (I3.27P is not 
"background independent" in the sense of [2-4], while (I3.26p does indeed give rise to a 
"background independent" RG flow. 

As we shall see, the flow based upon the D-scheme (I3.26P is extremely different from 
the one for standard scalars. The reason is, of course, that via the xe-dependence of □ 
the gravitational field itself sets the scale of k. The difference between (I3.26P and (13.270 
becomes manifest when we recall that the Laplacians of gjj,^ and = g^^ are related 
by 

n = XB''^ + 0{dxB). (3.28) 
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The factor Xb^^ leads to dramatic modifications of the RG flow whereas the 0(c?XB)-terms 
are less important; within the Einstein-Hilbert truncation they play no role. 

After having discussed TZk-, the remaining steps of the construction follow the familiar 
rules [25,26,28]. One defines the /c-dependent field expectation value 

7(x)^(/(a:)) =^ ^^f'f^] , (3.29) 

solves for the source, J(x) = Jk[f] Xb\{.x), and finally defines the effective average action 
Ffc as the Legendre transform of with A^S'f/; xb] subtracted: 



(3.30) 



r4 /; xb] = Jd'xVd f (x) J4 /; xb] (x) - [Mf; xb] ; xb] 

In analogy with (13.101) and (I3.1ip we also introduce 

rfe[0,XB] =rfc[7 = 0-XB; Xb] (3.31) 
rfe[0] = r40, 0] = r4 7 = 0; XB = 0]. (3.32) 

The main properties of are easily established along the same lines as in standard 
scalar theories [25,26,28]. In particular, differentiating (I3.23P with respect to k leads to 
the following FRGE which governs the scale dependence of Ffc: 

-1 



kdkTk[f;XB] = lTr 



^?^[/;xB]+7^fc[xB]) kd^n^ixB 



(3.33) 



Here F^^"* is the matrix of second functional derivatives of Ffc[/; xb] with respect to / at 
fixed Xb- In bra-ket notation, 

(.|rfb)= ' "^^Y^ (3.34) 

Note that the metric appearing in formulas such as (13.291) or (I3.32p is g^j^y (and not g^y). 
Correspondingly Tr(- ■ ■ ) = J d'^x (a;|(- ■ ■ )|x). Notice also that, since the /-derivatives 
are to be performed at fixed xb, the FRGE (13.340 cannot be formulated in terms of 
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the single-argument functional alone. Hence the relevant theory space consists of 
functional depending on two fields, / and xb, or alternatively and xb- 

By construction TZk vanishes for A; ^ 0. As a consequence, Tk reduces to the ordinary 
effective action in this limit: 

rfc=o[7;xB] = r[7;xB] 

(3.35) 

r,=o[0] = r[0]. 

Hence r^^o and r^-^o satisfy the relations fl3.14p and fl3.15p . respectively. They entail 
that Tk^olf] Xb] actually depends on the sum Xb + / only. This is not true for k ^ 0, the 
reason being that in general AkS[f; xb] depends on / and xb separately, not only on their 
sum. In the opposite limit A; — > oo, T/^I/^xb] approaches S[xb + /] plus a computable 
correction term, see [49] for a detailed discussion of this point. 



4 The CREH Truncation 

4.1 The Ansatz for Tk 

In this section we specialize the as to yet exact flow equation f l3.33p for the "CREH 
truncation''^. It involves two approximations: 

1. The usual Einstein-Hilbert truncation. 

2. The conformal reduction: only the conformal factor is quantized while all other 
degrees of freedom contained in the metric as well as the Faddeev-Popov ghost 
fields are neglected. 

To make the presentation as transparent as possible we specialize for ci = 4 in the following. 
The key formulas for d dimensions are summarized in Appendix [Bl 



■^For a different approacli to tlie quantization of conformal fluctuations see [50]. 
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The truncation ansatz for Tk[f; Xb] is given by the reduced functional 5'eh[xb + /] 
from eq. fl2.7p with a /c-dependent Newton constant Gk and cosmological constant A^: 

_ _ (4.1) 

+ r2^ (XB + /)'-|Afc (XB + /)'}. 

Here xb and / are still arbitrary functions of x. Parametrically the average action also 
depends on the, equally arbitrary, reference metric ^f^u with Ricci scalar R and Laplace- 
Beltrami operator □. For this action the Hessian (13 .341) has the form {x\T^I^^\y) = 
T^^^ 6^{x — y)/^/g{x) where r^.^-* is to be interpreted as a differential operator acting 
on it reads 

Tf[f:XB\ = { - + lR{x) -2 A, (xb(x) +7(x))'}. (4.2) 

We shall come back to this operator shortly. 

4.2 The projected RG Equations 

In order to determine the /3-functions for the running Newton constant Gk and 
cosmological constant we proceed as follows. The first step consists in inserting the 
ansatz into the flow equation, both on its LHS, where we get fc-derivatives of Gk and 
Afc, and on its RHS where we are left with the problem of calculating a functional trace 

(2) 

involving . It is sufficient to compute this trace in a derivative expansion which retains 
only those terms which are also present on the LHS of the flow equation, namely those 
proportional to the monomials 00 0, -R0^, and 0^ where (f) = XB + f- If we then equate 
the coefficients of equal monomials on the LHS and RHS we find the desired RG equations 
of Gk and A^.. 

Without loosing information this calculation can be performed with a homogeneous 
background field: Xb{x) = const = xb- The following two calculations are necessary then 
in order to "project out" the three monomials of interest: 

(i) Evaluation of the functional trace for a fiat metric ^^j^ = 6^i, and a non-zero, non- 
constant field f{x). Only the term / □ / must be retained. Comparing it to the relevant 
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term of the LHS, 

kdkTk[J;XB] = +^kdk (^-^^ Jd'x^jDj+--- (4.3) 
yields the /3-function of Gk- 

(ii) Evaluation of the functional trace for / = and ^^jy arbitrary whereby only the 
monomials Xb ^Xb retained. Comparison with the corresponding terms on the 
LHS, 

kd,Tk[0;xB] = -^ /d^a; v^l^fca, (^i-^ XU---} (4-4) 

allows for the computation of dk (Ak/Gk) and an alternative determination of dkGk- 

Since both the 00 and the R 0^ term appear with the same prefactor 1/Gk we 
can derive a /3-function for Gk from either of them. We do not expect these /3-functions 
to be exactly equal, but if our approximation makes sense they should be similar at least. 

Before we can embark on these calculations we must address the question of how 
TZk is to be adjusted. The IR cutoff at k must be imposed on the spectrum of □, not that 
of □. Since xb = const in the case at hand, the two operators are related by 



D = xln (4.5) 



so that we may reexpress T^^^ as 



V; xb] = { - □ + i ^ - 2 A. (xb + / ) ' } . (4.6) 

Now we define TZk in such a way that it leads to the replacement (13.26P when added to 

rri7;»l+-Rt|xBl 

3 - _ (4.7) 



r(2) 

k 



{ xl [-a + e R('\-n/k')] +lR-2Ak{xB+7Y}. 



As a consequence, the cutoff operator has an explicit dependence on the background field: 

T^^lxB] = -^xlk^R^'K-m 

' (4.8) 

= — —xl k'R^'H-^) 
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The two factors of Xb appearing in the second hne of (14. 8 p are the crucial difference 
between our treatment of the conformal factor and a standard scalar. If, instead of 
(I3.26p . we had applied the "substitution rule" (I3.27P they would have been absent. 

Upon inserting the above TZk and reexpressing □ as D/xb the flow equation assumes 
the form 



kdkTk[f;XB] 
= XBfc'Tr 



□ 



i?W'(- 



□ 



(4.9) 



-n + lR + xlk' (- ° ) - 2 A, (xB + 7 ) ' 



In evaluating the derivative dklZk we encountered the anomalous dimension ?7n, defined 
in the same way as in [6]: 



r^N = +kdk InG 



k- 



(4.10) 



Note that in eq. (14. 9 p the overall minus sign of TZk, and hence tdklZk, got canceled 
against the overall minus sign of + TZk in (14. 7p . This is the step where, within the 
present setting, the transition from the "original" to the "inverted" picture has taken 
place. The factor {■ ■ ■)~^ under the trace of (14.90 is the propagator of a mode with 
positive kinetic, but negative potential energy. This is an example of the "2^^ = Zk rule" 
discussed in [6] and [10]. 

The only specialization which entered eq. (14. 9 P is Xb = const; the reference metric 
'(jfj^u and the fluctuation average / are still arbitrary. The equation (14. 9p can serve as the 
starting point for the two calculations (i) and (ii) therefore. We start with the second 
one; it is analogous to the corresponding full Einstein-Hilbert calculation in ref. [6], and 
a comparison will be instructive. 

In (ii) we set / = so that we are left with 

-1" 



kdkTk[0;XB] = xik' Tr 



Ar(-n) U(-n) + i/?( 



(4.11) 
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where we defined 



□ 



(4.12) 



We need the trace on the RHS of (14.111) only to first order in R. Expanding the inverse 
operator in (14.111) and discarding higher order terms it remains to evaluate 

kdkTk[0;xB]=xlk'' Tr [Af{-n) A{-n)-' 

(4.13) 

-lxlk'TT[Rix)Mi-n)Ai-nr' . 

At this point we assume that is a metric on a maximally symmetric space ^. Then R 
is x-independent and can be pulled out of the second trace in (I4.13p . The traces are then 
easily evaluated using the same expansion formula as in [6]: 

Tt[W{-D) 



(4 



TT 



-d/2 



Qd/2[W] d'^x ,/d + lQd/2-i[W] d''x^/dR+0{R 



(4.14) 



Here, for any function W, Qo[W] = W{0), and if n > 0, 



QniW] 



T(n) 



dz z^-'W{z). 



(4.15) 



Applying (ITOj) to dUSD yields 

1 



kdkTk[^-XB] 



xlk' 



(47r)^ 



\\q^[N/A]-Q2W/A^ 



d X y g R 



+Q2W/A] Jd'x 

From (I4.15P we obtain for the QnS: 

Qi[Af/A] = <^l{-2Ak/e) - ir7N$}(-2Afc/fc2) 

Q,[Af/A'] = <^l{-2Ak/e) - i77N$^(-2Afc/fc2) 

Q2[f^/A] = xlk' hli-2Ak/e) - ir/N$^(-2Afc/A;2 



(4.16) 



(4.17) 



One could derive the beta-functions also without this assumption, with an identical result. 
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These expressions are written down in terms of the same standard threshold functions as 
in the full Einstein-Hilbert calculation [6]: 



Tn) 



T(n) 



dz z 



dz z 



R(^\z)-zR(^y{z) 
[z + R(^){z)+w]'' 



(4.18) 



n-l 



[z + R(o){z) + 



w\ 



Without any further expansion or approximation, after a suitable change of the variable of 
integration, Qi[Af/A] and Q2[Af/A'^] have turned out independent of xb, while Q2[Af /A] 
is proportional to Xb- As a result, the only relevant monomials appearing on the RHS 
of (14.161) are / d'^x^y^ Xb ^ ^^'^ I d^a^v^ Xb- These are exactly the same ones as on the 
LHS of the flow equation, written out in (14. 4p . By equating the coefficients of the first 
invariant we can read off the equation for dkGk', likewise the second yields dk{Ak/Gk), 
and upon using the information from the first, dkA/^. 

We write down this coupled system of two ordinary differential equations in terms 
of the dimensionless couplings 



This choice of variables makes the system autonomous: 



(4.19) 



kdk Qk = Pg{gk, Afe) = [2 + r]^{gk, Xk)] 9k 
kdk Xk = P\{gk, Xk). 



(4.20) 
(4.21) 



The results for the anomalous dimension and the /9-function of the dimensionless cosmo- 
logical constant read explicitly 

9k Bi{Xk) 



— 9k B2{Xk) 



(4.22) 



and 



f3x{9k, Xk) = - (2 - ?7n) Xk + ^ 



<l>l{-2Xk)-lvN<^l{-2Xk 



(4.23) 
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The anomalous dimension involves the functions 

i?i(Afc) = -^ [<l>i(-2A,)-$2(-2Afc) 
nvr 

(4.24) 

B^iXk) = --r f"^i(-2Afe) - $2(-2Afc) 

iZTT L J 

In eq. (14.221) we wrote t]^°^^ for ?7n in order to indicate that this expression for the 
anomalous dimension is derived from the potential ( "pot" ) term (x RcjP'. As we mentioned 
already, it can also be determined from the kinetic term oc (9^0)^; the latter quantity will 
be denoted Vj^™^ later on. 

Let us pause here for a moment to appreciate the similarity of the above "scalar" 
RG equations and those in the full Einstein-Hilbert truncation. The reader should com- 
pare the above equations (I4.22p . ■ ■ ■ , (14.241) to their counterparts in Section 4 of ref. [6]. 
In particular the structure f l4.22p of the anomalous dimension is the same as in the full 
calculation. The gt -B2-term in the denominator of (14.221) stems from the fc-derivative of 
the 1/Gfc-prefactor of the 7?.fc-operator (14.81) . It renders the result for rj-^ manifestly non- 
perturbative in the sense that it sums up arbitrarily high orders of the coupling constant 
Qk- 

The other calculation (i) which extracts ?7n = ''^n^™'' from the kinetic term is per- 
formed in Appendix [Al The resulting RG equations are of the form (14.201) . (14.211) again, 
with the same [3\, and with 

(kin)/ XX ^ \2 S4(— 2Afc) 

ril, \9kAk) = -^9kK . , 4 .2 V . ox ^ • ^^'^^^ 

^ + ^9k \ ^4(-2Afc) 

Here E4 and S4 are special cases of two families of standard integrals containing the shape 
function i?*^"); the first one is defined by 

t,{w) ^ A (^^(6-^)/2 (4.26) 

with 
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Here, as always, a prime denotes the derivative with respect to the argument. The second 
family is defined as 



S.W . I L -2i\+^'°''Mi;^'°'w| . (4.28) 

^ ^ 

In the rest of this paper we shall analyze the two variants of the above RG equa- 
tions in detail and compare their physical contents to that of the full Einstein-Hilbert 
truncation. 



4.3 The Beta Functions 



The "shape" of the cutoff, i. e. the precise form of the interpolation between the 
"long-wavelength" and the "short-wavelength" regime is governed by the shape function 
R'^'^\ It is essentially arbitrary, except that it has to satisfy the boundary conditions 
i?(o)(o) = 1, R^^\oo) — 0. At the level of observable quantities derived from the effective 
average action the it!^°)-dependence must cancel out (at least approximately). In the 
following we shall mostly employ the "optimized" shape function of ref. [51] since it 
allows for an analytic evaluation of the various integrals encountered above. 

The optimized shape function is given by [51] 



= (1-z) e{i-z). 



(4.29) 



It has the following properties which help in simplifying the threshold functions: 

i?(o)'(^) = -^(1 - z), i?(°)"(^) = 5(1 - z) (4.30) 
z + R^^\z) = e{l - z) + z6{z - I) 
R^^Xz) - z R^'''^' {z) ^ e{l - z) 
1 + R^^^z) =e{z-l), Vn = 1,2,3,- •• 



l + i?(°)'(z)l" [i?W( 



0, Vn, m = 1, 2, 3, 
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Even though R^'^^ is not smooth, all threshold functions are well behaved and no undefined 
distributions occur. For the ^-integrals one obtains [19] 

^p(w) = 

T{n + 1) {1 + wf 

^P(w) = i 

The integral fl4.27p reduces to 

oo 



(4.31) 



1 z''!^ 

d J ^ {z + wY 



S,H = 3 jdz ^ . (4.32) 



1 



which implies (by rescaling z ^ z/w) 



I ^(4-d)/2 

d (l + wj 



Mw) = T- (4-33) 



Furthermore one finds that, for this particular example of a shape function, 

S,(u7) = 0. (4.34) 

For other shape functions will be non-zero in general. 

Using the above formulae we can write down the RG equations in explicit form. For 
the anomalous dimension coming from the kinetic term we obtain 



(kin) / ^ \ 2 gkX^ 

Furthermore, t]^°^^ is given by (14.221) with the following 5-functions: 



r/r^(^?.,A.) = --^ -7 (4.35) 
37r (1 -2Afc) 



For P\ one finds 



^») = - (2 - i)n) At + (1 - i rmj (4.37) 
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where either r/^™'* '7n'°*^ to be inserted for rj-^. 

The above expressions highhght another similarity of the CREH calculation and 
the one in the full Einstein-Hilbert truncation: the poles at (or near) A = 1/2. For a 
discussion of the singularities of j3g and Px we must distinguish the "kin" and the "pot" 
case. 

Using ri^^^\ it is obvious from fl4.35p and (14.371) that ri^^^\g,X) and j3\{g,\) have 
poles at A = 1/2 and are regular otherwise. More precisely, on the ((?, A)-plane there 
exists the following line along which the /5-functions diverge and the flow is undefined: 
{(gf, 1/2) I — oo < g < +oo}. The physically relevant part of the parameter space will be 
the half plane to the left of this line (A < 1/2), as in the full theory. 

With ?7n boundary of the "physical" parameter space is given by a curve to 

the left of the A = 1/2-line. Along this line, 1 — g B2{X) = 0, so that t]^°^^ diverges there, 
I'7n'°*''| — Parameterizing this curve as g = glf°^\X) we have explicitly 

^7rnA) = 12vr^i^^. (4.38) 

It is amusing to note that at A = 1/2, i. e. beyond the actual boundary, ^^"^ /^a are 

finite; for any g ^ one has 

lim^7]^^°'\g,X) = 6 (4.39a) 

lim^/r'\9,X) = 2. (4.39b) 

In either of the two cases, the existence of a boundary in [g, A)-space entails that 
some of the RG trajectories terminate already at a finite value of k when they run into the 
boundary line. Within the full Einstein-Hilbert truncation, the status of the singularities 
has been discussed in detail in the literature [9,14,19,38]. They have been interpreted as a 
breakdown of the truncation in the infrared. The continuation to k = would presumably 
require a more general ansatz for Ffc. 
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4.4 Comparison with the Standard Scalar FRGE 

One might wonder how the RG equations for the conformal factor relate to those 
for a standard scalar [28]. The comparison reveals that both the structure of the equation 
and their solutions are quite different in the two cases. We shall see this in more detail 
in Section [5l Here we only mention the most striking deviation. 

Let us consider a RG trajectory in a regime where the anomalous dimension is small 
so that we may approximate r^N = 0. (In the next section we shall see that there are 
indeed trajectories with r^N ~ over a large range of scales.) Then (14.101) integrates 
to Gk = const = G, and the equation for involves the correspondingly simplified 
/3-function (I4.37p . with = Gk"^. In terms of the ordinary, dimensionful cosmo logical 
constant A;;. = k"^ this RG equation reads 

In particular, when Afc -C k^ it simplifies to 

kdkAk = ^Gk\ (4.41) 
47r 

Obviously the RG equations of the CREH truncation imply a quartic running of the cos- 
mological constant as long as A is small and G is approximately constant. 

With quantum gravity in the back of our mind this result is no surprise. It is 
exactly what one finds in the full Einstein-Hilbert truncation [6] , except for the prefactor 
of Gk^ which is anyhow non- universal. In fact, the fc'^-running (14.411) is what all methods 
for summing zero-point energies would agree upon. In particular it can be seen as a 
reflection of the well known quartic divergences which appear in all Feynman diagram 
calculations (and are usually "renormalized away"). So there can be no doubt that (14.411) 
is the physically correct answer for the regime considered. 

On the other hand, from the scalar field perspective, the quartic running is a sur- 
prise. In the CREH ansatz for the cosmological constant A^ plays the role of a (f)^- 
coupling constant which behaves as A^ oc /c^ here. This very strong scale dependence has 
to be contrasted with the much weaker, merely logarithmic /c-dependence one finds in an 
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ordinary scalar theory on a 4- dimensional flat spacetime (provided k is above all mass 
thresholds, if any). 

The origin of this significant difference in the RG running of the 0^-coupling, pro- 
portional to ln{k) for a standard scalar and oc fc^ for the conformal factor, is clear: The 
conformal factor determines the proper scale of the cutoff, while a scalar matter field does 
not. When we constructed the operator TZ/^ in Subsection 14. 21 we explained how the special 
status of the conformal factor comes into play. We saw that if the coarse graining scale 
is to be given a physical meaning, k should be a cutoff in the spectrum of the background 
field dependent operator □, and this led to the substitution rule (13.261) . 

Using instead the alternative rule for ordinary scalars, eq. (I3.27p . our above calcula- 
tion of the /9-functions would have gone through almost unaltered up to eq. (14.131) . The 
only changes are: (a) The factors Xb front of the two traces on the RHS of (14.131) are 
absent, and (b), the operators J\f and A are replaced by 

_^standard _ - i //n) R^'^^-D / k^) - (-Q/zt^) i?W'(-S/fc') (4.42a) 
^standard _ _Q ^ ^2 ^(0) (-□/A;2) - 2 Afc x|- (4.42b) 

All xb's have disappeared, except the expected one coming from the second derivative of 
the interaction term oc {xb + f)^- It is clear that if one performs the calculations (i) 
and (ii) on the basis of the "standard" version of eq. (I4.13P will be quite different. As the 
extra powers of Xb missing now, the pattern of terms to be equated on the two sides 
of the FRGE gets shifted correspondingly. 

These remarks explain how, in a concrete calculation, "background independence" 
and the special status of the metric unavoidably lead to RG equations different from those 
of a scalar matter field. 

In the construction of the exact gravitational average action in [6] where all de- 
grees of freedom carried by the metric are quantized "background independence" and this 
special status have been taken care of. There it is the full background metric 'g^^, the gen- 
eralization of Xb here, which enters TZk and sets the scale of k. We emphasize that in [6] 
the use of the background field method serves two conceptually completely independent 
purposes: (1) It allows for the definition of a physical (proper) coarse graining scale, as 
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discussed in this paper, and (2), using an appropriate gauge fixing term, it leads to an av- 
erage action ^kigfiu^Onu] which is a diffeomorphism invariant functional of its arguments. 
The latter property has no analog within the present setting. 

5 Asymptotic Safety in the CREH Truncation 

In this section we analyze the physical contents of the RG flow in the CREH trun- 
cation, being particularly interested in the asymptotic safety issue. 

5.1 Antiscreening 

From the definition fl4.10p it follows that the RG running of the dimensionful Newton 
constant is given by 

kdkGk = mGk- (5.1) 

If r/N > 0, Newton's constant increases with increasing mass scale fc, while it decreases 
if T^N < 0. In analogy with gauge theory one refers to the first case as "screening", the 
second as "antiscreening" . In the fulj^ calculation, rj^ was of the antiscreening type in the 
entire physical part of the ((7, A)-plane. 

If we determine ?7n from the kinetic term, the corresponding CREH result is given 
by (14.351) . We observe that 77^™'* is negative for any value of (7 > and A. This corresponds 
to the antiscreening case: Newton's constant decreases at high energies. So the remarkable 
result is that the quantization of the conformal factor alone is already sufficient to obtain 
gravitational antiscreening. The spin-2 character of the metric field seems not essential 
and its selfinteractions (vertices) coming from j d^x^/g' R seem not to play the dominant 
role. The only selfinteraction taken into account by the CREH calculation is the 0^-term 
stemming from A J d^x^fg . However, in a sense the antiscreening within CREH is weaker 
than in the full theory. For example, close to the origin (7 = A = 0, the anomalous 

^Here and in the following "full calculation" always refers to the complete calculation within the 
Einstein-Hilbert truncation in ref. [6]. 
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dimension in the full theory behaves as 

4-''^ = -2u;g + ... (5.2) 

where is a positive constant. For rj^^^^ the counterpart of 00 is not constant but rather 
decreases oc when we approach the origin. A behavior of this sort was to be expected 
of course since the entire (/)-selfinteraction is due to the cosmological constant. 

This trend is even more pronounced if we take the t/n from the potential. The 
corresponding expression is given in (14.221) . Its denominator is positive in the "physical" 
part of the {g, A)-plane, so that it is -Bi(A) that decides about the sign of f]^°^^ ■ Looking 
at (I4.36ap we see that, if g > 0, 

r/if°*)<0, if A > 1/4, 

(5.3) 

r/{P°*) > 0, if A < 1/4. 
The anomalous dimension ?7^°*^ vanishes along the line A = 1/4. 

5.2 Fixed Points 

Next we search for fixed points of the system of differential equations ( ]4.20p . ( ]4.2ip . 
i. e. points (5?*, A*) such that /3g{g^, X^) = = I3\{g^, A*). 

From (I4.35p . (I4.36p . and (I4.37P it is obvious that for either choice of rj-^ the system 
has a fixed point at the origin, referred to as the Gaussian Fixed Point (GFP): g'^^^ = 
A?^P = 0. 

A Non-Gaussian Fixed Point (NGFP), if any, would satisfy the condition jSg = 
with non-zero values of g^: or A,,, such that ?7N(fl'*5 A*) = —2. Upon inserting ?7n = —2 into 
(I4.37P the condition l3\ = assumes the simple form 

= 127rA, (1-2A,). (5.4) 

The second condition for g^, and A=k depends on the choice for r^N- 

If we use the t/n from the kinetic term given by eq. (14.351) the condition 

v'n'^\9*^ = -2 reads 

A^ 

0* — T = 3vr. (5.5) 

(1-2AJ' ^ ^ 
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The system of equations (15.41) . (15.50 is easily decoupled by inserting of (15. 4p into (15.50 . 
Remarkably, one does indeed find a real solution: 

21/3 

= 67r ^ ^ 4.650 (5.6b) 

(1 + 2V3)2 

The existence of this NGFP comes as a true surprise; it has no counterpart in ordinary 
4-dimensional 0^-theory. 

If instead we use the t/n from the potential given by (I4.22p with (14.361) the 
condition ri^°^\g^, A*) = —2 can be written as 

(A,- ^) =47r (1-2A*)'. (5.7) 

The coupled equations (15. 7p and (15.40 can be solved analytically again and they, too, give 
rise to real and positive fixed point coordinates: 

7 



A* 
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(^^481/49 - ^ 0.415 (5.8a) 
= 127rA, (1 -2A*) ^ 2.665 (5.8b) 



The individual values of g^ and A,, as obtained from the two calculational schemes 
do not quite agree. However, this does not come unexpected. The mere coordinates of 
the fixed point are not directly related to anything observable and, in fact, are scheme 
dependent or "non- universal" . On the other hand, the product (7* A* has been argued [8,10] 
to be universal and can be measured in principle. And indeed, the products of the numbers 
in (15.60 and in (15.81) agree almost perfectly within the precision one could reasonably 
expect: 

{g.KY'^''^ ^ 1.296, ((7*A,)(P°*) ^ 1.106 (5.9) 

It is also gratifying to see that according to both calculations the respective NGFP 
is always located within the physical part of the ((?, A)-plane. The A* coming from r]^™^ 
satisfies A* < 1/2, see (I5.6al) . and its counterpart from 77^°*'* given in (I5.8al) can be shown 
to lie to the left of the ((? > branch of the) boundary line A 1-^ grf°^\^) from eq. (14.380 . 
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It is straightforward to generalize the calculations for arbitrary dimensionalities d. 
The corresponding formulas are listed in Appendix [Bl and the numerical results for d 
between 3 and 10 are displayed in Table [H In all dimensions considered a NGFP is 
found to exist, with g^, > and > 0. For each value of d, the table contains the 
results obtained within the full Einstein-Hilbert (EH) truncation as well as the "pot" 
and "kin" variants of the CREH truncation. It contains also the generalization of (/^A*, 
namely = X^g*^^'^ "^^ which is the fixed point value of the dimensionless combination 
AfcG^''^'^"^'' = XkOk^'^''^^ ■ (Note that in d dimensions gk = k'^~'^Gk and A^ = k'"^ Aj..) It 
is impressive to see how well the "pot" and "kin" values of agree for any d > A. As 
compared to the full Einstein-Hilbert result, the Tf^- values are always larger by about a 
factor of 10. 

We interpret this factor as indicating that the conformal factor is not the only degree 
of freedom driving the formation of a NGFP, but its contribution is typical in the sense 
that it leads to an RG flow which is qualitatively similar to the full one. 



The properties of the RG flow on {g, A)-space linearized about the NGFP are deter- 
mined by the stability matrix 



evaluated at (5f*,A*). Using the same notation as in [8,9] we write the corresponding 
eigenvalue problem as -B ^ = —6 V and refer to the negative eigenvalues 6 as the "critical 
exponents" . In general B is not expected to be symmetric. 

Employing the r/N from the kinetic term the explicit form of the stability matrix, 
evaluated at the respective flxed point coordinates, is found to be 



5.3 Critical Exponents of the NGFP 



B 



d\ dg 
d\ dg 



(5.10) 



B 



6 



47r 



(1 + 2V3) 



(5.11) 
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d 


Trunc. 


g* 






6' 


6" 


3 


full EH 


0.202139 


0.0651806 


0.00266329 


1.11664 


0.827598 




CREH, pot 


0.172872 


0.233092 


0.00696588 


-3.54754 


4.92795 




CREH, km 


0.391798 


0.126945 


0.0194868 


2.04572 


3.60445 


4 


full EH 


0.707321 


0.193201 


0.136655 


1.4753 


3.04321 




CREH, pot 


2.6654 


0.41477 


1.10553 


1.47122 


9.30442 




CREH, kin 


4.65005 


0.278753 


1.29622 


4.0 


6.1837 


5 


full EH 


2.85863 


0.234757 


0.472851 


2.76008 


5.12941 




CREH, pot 


26.9696 


0.557727 


5.01577 


5.81627 


12.0556 




CREH, kin 


42.3258 


0.417188 


5.06681 


6.27681 


8.6899 


6 


full EH 


13.8555 


0.255477 


0.950958 


4.48592 


7.07967 




CREH, pot 


243.547 


0.674559 


10.5272 


10.8493 


14.3777 




CREH. kin 


361.57 


0.537523 


10.221 


8.81712 


11.1811 


7 


full EH 


76.3589 


0.269073 


1.5241 


6.51007 


8.9431 




CREH, pot 


2134.67 


0.77282 


16.5886 


17.0223 


15.9635 




CREH, kin 


3069.3 


0.641211 


15.9154 


11.591 


13.6754 


8 


full EH 


464.662 


0.279376 


2.16389 


8.78536 


10.7446 




CREH, pot 


18744.8 


0.857143 


22.7691 


24.6444 


16.0092 




CREH, kin 


26451.9 


0.730796 


21.7745 


14.5789 


16.1597 


9 


full EH 


3066.23 


0.287851 


2.85326 


11.2969 


12.4932 




CREH, pot 


167205.0 


0.930559 


28.9135 


33.9881 


12.4239 




CREH, kin 


233516.0 


0.808694 


27.6432 


17.7666 


18.6307 


10 


full EH 


21673.5 


0.295179 


3.58153 


14.044 


14.1871 




CREH, pot 


1.52489-10^ 


0.995177 


34.9712 








CREH, kin 


2.11943-10^ 


0.876935 


33.4597 


21.1433 


21.0813 



Table 1: 
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The resulting eigenvalues are non-zero and complex. The two critical exponents 6*1 2 = 
6'±i6" form a complex conjugate pair with real and imaginary parts given by, respectively, 

e' = 4 

^ (5.12) 

e" = 2V2 Vl + 3 ■ 21/3 ~ 6.1837 

The positive real part indicates that the NGFP is UV attractive (attractive for k —>■ 00) 
in both directions of the {g, A)-plane. The non-vanishing imaginary part implies that near 
the NGFP the RG trajectories are spirals. This is exactly the same pattern as in the full 
Einstein-Hilbert truncation [9]. 

Using instead the r}^ from the potential we find the same qualitative behavior, 
but the exponents are somewhat different: 

e' ^ 1.471 

(5.13) 

e" ^ 9.304 

The discrepancy between f l5.12p and fl5.13p can serve as a rough measure for the 
accuracy of the calculation. First of all it is gratifying to see that both calculations lead 
to the same qualitative behavior: attractivity in both directions of parameter space, and 
a non-zero imaginary part. Numerically, the values for 6' and 6" probably can be trusted 
only within a factor of 2 or so. In Table [1] we display the critical exponents also for the 
other dimensions and compare them to the values in the full calculation. For d > 4 the 
situation is essentially the same as in = 4: While the r-values of the two CREH versions 
agree very well, the agreement of the 6''s is poorer. This is in line with an observation 
made in earlier calculations [8-10, 18, 19] namely that it is much easier to get a precise 
value for (7* A* than for the critical exponents. In ci = 3 the CREH truncation seems 
insufficient to deduce the qualitative behavior reliably; the sign of 6' depends on whether 
ri^°^^ or rj^^^^ is used. 

With regard to the numbers in Table [1] it has to be emphasized, however, that even 
in an exact treatment of the conformally reduced theory the resulting critical exponents 
would have no reason to agree with those from full QEG which quantizes also the other 
degrees of freedom contained in the metric. The field contents of the two theories is 
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different, and so one would expect them to belong to different universality classes, with 
different ^'s. 



5.4 The Phase Portrait 

Finally we solve the coupled equations (14.201) . (14.211) numerically in order to obtain 
the phase portrait of the CREH flow. Using the anomalous dimension r/^'"'' we find the 
result displayed in Fig. [H This flow diagram is strikingly similar to the corresponding 
diagram of the full Einstein-Hilbert truncatioiu. The flow is dominated by the NGFP 
and the GFP at the origin, and we can distinguish three types of trajectories spiraling 
out of the NGFP. They are heading for negative, vanishing, and positive cosmological 
constant, respectively, and correspond exactly to the Type la, Ila, and Ilia trajectories 
of the full flow [9]. The trajectories of the CREH Types la and Ila extend down to 
k = 0, those of Type Ilia terminate at a non-zero fcterm when they reach A = 1/2, exactly 
as in the full theory. It is also interesting to note that this approximation admits RG 
trajectories whose turning point is arbitrarily close to the GFP so that there emerges a 
long classical regime [38]. (Such trajectories might be relevant in cosmology [34,38].) The 
only boundary of the physical domain of the CREH parameter space is the vertical line at 
A = 1/2. The basin of attraction of the NGFP consists of all points {g, A) in this domain 
with g > 0, exactly as in the full EH truncation. 

If we solve the RG equations with the second version of the anomalous dimension, 
ri^°^\ we obtain the phase portrait shown in Fig. [2^. In the vicinity of the GFP and 
NGFP, respectively, the structure of the flow, again, is exactly the same as in the full 
theory. The only new feature here is that there exist trajectories which begin and end 
on the boundary of the physical part of ((7, A)-space which is given by eq. (I4.38p . As a 
result, the basin of attraction is smaller than the full physical domain, and trajectories 
with a turning point close to the NGFP are outside this basin. Even though this feature 
is different from the full EH flow we see that the conformal factor drives the flow in the 
same direction as the full metric and is in this sense representative. It is, however, too 



^See the diagram in Fig. 12 of ref. [9]. 
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g 




A 



-0.1 0.1 0.2 0.3 0.4 0.5 



(a) 



g 




-0.4 -0.2 0.2 0.4 



(b) 

Figure 2: As in Figs. [H but with rj^"^^ . The fat hne is the boundary of the physical 
parameter space on which 1]^°^^ diverges. In Fig. [2)d also the "unphysical" flow beyond 
the boundary is shown. 
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weak to push the trajectories sufficiently strongly away from the hyperbolic shape they 
have in absence of any non-trivial RG effects [38]. In Fig. also some "unphysical" 
trajectories to the right of the singular line are shown. Note that at the singularity the 
direction of the arrows is reversed. 

The overall conclusion of this section is that the RG flow implied by the CREH 
approximation, at least in a neighborhood of the two fixed points, is qualitatively identical 
to that obtained with the full Einstein-Hilbert truncation. In particular both versions of 
?7n agree on the existence of a NGFP with precisely the properties required for asymptotic 
safety. 

6 Conclusion 

In this paper we used the conformally reduced Einstein-Hilbert truncation in order 
to explore a property of gravitational RG flows which is completely general presumably, 
at least in the framework of the effective average action. Among all the fields we use to 
describe Nature the metric enjoys a special status since it fixes the proper value of any 
dimensionful physical quantity. When one applies the Kadanoff-Wilson interpretation of 
RG flows as a sequence of consecutive coarse graining steps to quantum gravity one would 
like to give an, at least approximate, physical meaning to the notion of a coarse graining 
scale. The effective average action Tk[g^u, Q^u] meets this requirement by introducing as a 
cutoff in the spectrum of the covariant Laplacian pertaining to the background metric 'g^^. 
Hence the mass scale k is "proper" , in the sense of the "cutoff modes" [22,23], with respect 
to 'g^^. Therefore the mode suppression term /S.kS and, as a result, the cutoff operator 
TZk depend on the background field in a non-trivial way even if a simple truncation is 
used which does not involve 'g^^^ explicitly. The ^^^.-dependence of the cutoff has a strong 
impact on the resulting RG flow. We argued that to some extent asymptotic safety, 
the formation of a non-Gaussian fixed point, is an essentially "kinematical" phenomenon 
resulting from this special role played by the metric. 

At the same time the use of the field-, i.e. the ^^^,-dependent cutoff operator is 
forced upon us by the requirement of "background independence". In standard matter 
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field theory 7?.^ involves the metric of the fixed spacetime manifold on which the theory 
is defined, Minkowski space, say. In quantum gravity we are aiming at a "background 
independent" quantization. This suggests that if a gravitational RG fiow is to have 
any physical meaning it should be "background independent", too, that is, it should 
not involve any special metric in its construction. If TZk is constructed from one of the 
arguments of ^ k[g iiv I'd fj,y] this is indeed the case. In the effective average action ^^j, is 
used for this purpose because only then A^^ is quadratic in the fluctuation flelds and the 
FRGE contains second field derivatives only. 

We illustrated these issues by means of the CREH truncation which quantizes only 
one of the degrees of freedom contained in the metric, the conformal factor. If we ignore 
the special status of the metric we arrive at the 0^-theory with a negative quartic cou- 
pling which, according to Symanzik, is asymptotically free. If, instead, the metric itself is 
used to set the proper scale of A;, then the RG flow is different and in particular a NGFP 
exists. It is quite remarkable that, at the qualitative level, this simple scalar-like theory 
has exactly the same flow diagram as the full Einstein-Hilbert truncation. It is therefore 
plausible to conjecture that the complicated selflnteractions of the helicity-2 modes, an- 
other feature that distinguishes the metric from matter fields, is possibly not at the heart 
of asymptotic safety in gravity. In the CREH approximation only the interactions due to 
the cosmological constant term A ^Jg' ex A 0^ were retained. 

The experience with the CREH truncation suggests that the RG fiow due to the 
conformal factor alone might be typical of the full metric. Therefore the obvious next 
step is to apply the conformal reduction to more general truncations. In the companion 
paper [47] we therefore analyze the local potential approximation for as a first step in 
this direction. These investigations might help in making contact with other approaches 
to quantum gravity, numerical simulations, for instance [52-54]. 

Acknowledgement: M.R. would like to thank A. Ashtekar, L. Freidel, M. Niedermaier, 
R. Percacci, C. RoveUi, and T. Thiemann for helpful discussions. 
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APPENDICES 



A Derivation of the Anomalous Dimension ry^ 

In this appendix we derive the anomalous dimension rj^^^^ given in eq. fl4.25l) which 
follows from the kinetic term in the truncation ansatz. Actually we shall derive a slightly 
more general result which covers also the case of the local potential approximation (LPA) 
that will be studied in the companion paper [47]. We shall first look at a standard scalar 
flow equation [55] and then point out the differences in the gravitational case. 

We try to solve the standard scalar FRGE 

on (i-dimensional flat Euclidean space. A still rather general LPA truncation would be 

{iZfc(0(x)) 9^09^0+ f/fc(0(x)) I (A.2) 



(A.l) 



where Zfc(-) and f/fc(") are two running functions of 0. Here we shall be more modest, 
however, and retain only the arbitrary field dependence of the potential, while we fix 

Zk = Zk{Mk)) (A.3) 

at some, possibly fc-dependent, reference point = 0i(fc). Typically 0i is taken to be the 
minimum of the potential Uk- (In the gravitational case this will not always be possible, 
however [47].) Applying the " Zk = Zk rule", the cutoff operator for this truncation is 
7^fc = ZkP R^^\-n/P). We would like to use the FRGE f[0|) in order to derive the 
bet a- function of Z^, or equivalently the anomalous dimension 

r] = -Z,'kdkZk. (A.4) 

We project out the kinetic term from rfc[0] by inserting the special field configuration 
0(x) = 01 + ip{x) and expanding up to second order in both ip{x) and d^. Upon inserting 
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the truncation into the exact flow equation we thus obtain, omitting irrelevant terms, 



kdk Zk I d'^x \ d^ip{x) d^ip{x) + 



k"^ Tr 



(1 - 77/2) [p^/k'') - VP) (^2/^2) 



(A.5) 



X 



Here we employed the same Hilbert space notation as in elementary quantum mechanics, 
with operators x^ and satisfying = i5^y. In the position representation we have 

Xfj, = x^, p^ = —id^, but clearly the trace of (lA.SP can be computed in any representation. 
We now apply standard derivative expansion techniques [56] in order to pull out the 
/ (S^v^) ^-contribution from the trace which then, by (1A.5I) . determines kdk Zk- It will be 
convenient to introduce the functions 



p{p^)=p^ + eR(^){pye) 

Hip') ^ Pip') +^ 

Nip') = kdkPip')-v{Pip')-p')- 



(A.6) 
(A.7) 
(A.8) 



We also abbreviate 



a ^ U'^\<Pi)/Zk, 



7 = u'a<Pi)/Zk 



(A.9) 



where, as always, the prime denotes a derivative with respect to the argument. Thus 
(1A.5I1 becomes, up to irrelevant terms. 



kdk Zk / d'^x d^i^ix) d^ifix) + ■ 



Tr 



Nip') {Hip') + a^ix)) ' 



(A.IO) 



= a'y. 



In expanding f/^' (0i + 0(^)) was enough to retain the term linear in Lp since the next 
term, U'l' i(f)i) ip'ix), has two y^'s at the same x and hence cannot contribute to the 
/ (i9^v^) ^-invariant. If we expand the denominator in (lA.lOl) and retain only the term 
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quadratic in we arrive at 

y = Tr(^NH''^ipH-^ip^ (A.ll) 

where we also exploited the cyclicity of the trace and [A^, H] = 0. Note that and H 
contain only the operators p^, while ip contains only x^. Eq. ( lA.llI) is trivially equal to 

^ = Tr (a^ H-"^ [ip, H-^] cp) + Tr (a^ H'^ cpA. (A. 12) 



We may ignore the second trace on the RHS of (1A.12I) since in the position representation 
it is easy to see that it cannot give rise to a term with derivatives acting on the yj's. In order 
to evaluate the first trace we set FijP') = 1/H{p'^) and apply the familiar commutator 
identity 

(A.13) 

+ 2F"{p^)p^% {-d,d,^) (x) + 

Upon inserting ( 1A.13I) into (1A.12I) all x's appear to the right of all p's so that in the 
x-represent at ion 



+ 2 j A'^x {x\ NH-^F"{p^)p^p, i-d^d^if) (x) ip{x) \x). 
Now we can exploit that = x^|x): 

y = j d'^x (^{x\N H-^ F'{p^) \x)5^^ 

+ 2 {x\ NH-^F"{p^)p^% \x)) dMx) duV{x) 



(A.14) 



(A.15) 



The remaining matrix elements (x| ■ ■ ■ by translation invariance, are actually x- independent 
and can easily be evaluated in momentum space. As p^Py is equivalent to p^ 5^y/d under 
the momentum integral both terms on the RHS of ( 1A.15I) are seen to contribute to the 
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J dfj^if dn(f-mvanant. We can now read off that 



oo 



oo 

„2 



4^rf«' f.^.^m H'jy) d /iV(y) 



ci 7 " " dy \Hiy) 



Here y = and = [2^+^ tt'^/^ r((i/2)]^^. The last equahty in (1A.16I) follows by noticing 
that 2 y'^/^-i + | y"'/^ ^//(^) = ^ (1 2/"'/^ i^'(y)), using F' = -H'/H^, and performing 
an integration by parts. Recalling the definitions of r] and N eq. flA.16P has the structure 



with the integrals 



-2v,a^Z-^h-7]h) (A.17) 



oo 



2 w/9 ^'(y) d P(y) -y , , , 



In order to further evaluate Ji it is convenient to introduce the modified scale deriva- 
tive dk which, by definition, acts only on the explicit fc-dependence in k'^ R^^\y / k^) , but 
not on the implicit one in Zk, Uk, 7, and a. We then may write 

kdkP{y) kduP{y) _ f 1 



Hiyy [P(2/)+7]' '^^"\Piy) + i 
and therefore, by interchanging the kd^- with the y-derivative, 

d kd,Piy)_ ~ d f 1 \_~ P'{y) 



-kdk -- T^r^- — = kdi 



dy H{yf Uy\P{y)+^) '[p(y) + r^f 

As a result, eq. (lA.lSp assumes the form 



h = kdk(k''~'^T.d{i/e)) (A.20) 
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with 



oo 



Upon identifying w = ^j}^ and introducing z = y/k"^, the function of eq. (lA.2ip is 
easily seen to coincide with the one defined by eq. fl4.27p of the main text. Finally, in 
terms of the functions defined in (14.261) . we have the following result for Ji: 

h = -2 k'-' i^/k^y-^'-'^^' Hl/k'). (A.22) 

In a similar way it is possible to express the second integral, J2, in terms of the 
functions Tjd{w) defined in (14.281) . By performing the y-derivative in (lA.lQI) . inserting the 
definitions of P and if, and switching to dimensionless variables one is led to 

/2 = A;'^-^S,(7A2). (A.23) 

If we now solve (1A.17I) for rj and insert (1A.22I) and (1A.23I) we arrive at our final result 
for the anomalous dimension: 

■m = ( b/t^f-'"-' -^^4^ . (A.24) 

V^'* / 1 - (|¥?r) s^hA-') 

Recall that a and 7 are given by the derivatives of Uk at the reference point 01, see eq. 
flA.gp . Notice also that Ti^iw) and T^diw) are dimensionless functions of a dimensionless 
argument. 

Up to this point we were dealing with a standard scalar theory. Let us now come 
to the derivation of ^7^"'' according to the "calculation (i)" mentioned in Subsection 14. 2[ 
The starting point of this calculation is equation (14.91) with (14. 3 p inserted on its LHS. 
Using the notation of this appendix we have 

/d^xi.J(x).J(x) + ... 
I (1 - 7]^/ 2) (p Vfc 2) - [p^k 2) R^^'^'ip^k 2) } (A.25) 



k^ Tr 



X 



47 



Here we used that i? = for = and set 

k ^ x'J^'-'^ k. (A.26) 
Eq. (1A.25P can be obtained from the scalar result (lA.Sp by replacing 

^^7, 01 ^ Xb, k, 



2tt {d - 2) Gk 

d{d + 2) 4/(^-2) 2d{d + 2) {&-d)/{d-2) 

^ 2(d-l)(rf-2) ' (rf-l)(rf-2)2 '''^^B 

If we apply these substitutions to the formula (1A.24P for the anomalous dimension we 
obtain 

, ..i+an 2^'^-'^y'7rv,d'^/^d + 2r/' 



X \- 2{d-m-2) ^kj + (^_^)3(rf_2)3 (,-2(d-l)(d-2) 

For (i = 4 this result reduces to eq. (14.251) used in the main text of the paper. 

In the above derivation of t^n we again observe that the renormalization properties 
of the CREH truncation are very different from those of a standard scalar theory. The 
replacement /c — > = Xb^'^~'^^ k has led to a field dependence which is non-standard. This 
difference will become particularly relevant when we use the more general LPA also in 
gravity, see [47]. 



B Generalization for d Spacetime Dimensions 

In this appendix we list various key formulas which generalize the corresponding 
ones in the main text for an arbitrary spacetime dimensionality d. The CREH truncation 

ansatz reads 

r47;xB] - -^^^^^ /d^. v^{ - Hxb + 7) □ (xb + 7) 

+ ^ (XB + 7 ) ' - A. (XB + 7 ) "'^'-'^ } . (B. 1) 
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For the optimized shape function the "kin" version of the anomalous dimension is given 

by 



32nVdd{d + 2)'^ 
(ci-l)3(d-2)3 



9k 



d{d + 2) 



2{d-l) id-2) 



(B.2) 



Its "pot" version has the structure of (14.221) with the 5-functions 



{471 



.l-d/2 



T{d/2)-' 

3{d-2) 
~2{d-l) 



d{d + 2) 



2{d-l){d-2) 

T{l + d/2)-^ 



A. 



d{d+2) 



-\ -2 



2(rf- 1) {d-2) 



B2{Xk) = -\ (47r; 



.l-d/2 



T{l + d/2)-' 



1 - 



d{d + 2) 



(B.3) 



A. 



3{d-2) 
'2{d-l) 



r(2 + c//2)-i 



2{d-l) (rf-2) 

d{d + 2) 



2{d-l){d-2) 



Xu 



In d = 4 these expressions boil down to f l4.36p . For the beta-function of the cosmological 
constant one obtains 

P\{gk, Afc) = - [2 - r]ti{gk, Xk)] Xk 

+ 2 (477)1-^/2 gk {r(l + d/2)-' - i r(2 + d/2)-' M9k, Xk)} 4) 

d{d+2) 



1 - 



A. 



2{d-l) {d-2) 

which reduces to f l4.37p for d = 4. These formulas were used in order to compute the 
entries in Table [H 
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